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Abstract
Let G be a locally compact Hausdorff group. We study orbit spaces and unions of equivariant
absolute neighborhood extensors (G-ANEs) in the category of all proper G-spaces that are metrizable
by a G-invariant metric. We prove that if a proper G-space X is a G-ANE such that all the G-orbits in
X are metrizable, then the G-orbit space X/G is an ANE. Equivariant versions of Hanner’s theorem
and Kodama’s theorem about unions of absolute neighborhood extensors are established. We also
introduce the notion of a G-polyhedron and prove that if G is any compact group, then every G-ANR
is arbitrary closely dominated by a G-polyhedron. Each G-polyhedron is a G-ANE.
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1. Introduction
One of the most powerful results in the theory of topological transformation groups
claims (see [38, Corollary 1.7.19]) that, if X is a completely regular Hausdorff G-space
with G a compact Lie group, then there exists a slice at each point x ∈ X; this means that
the orbit G(x) is a G-equivariant neighborhood retract of X. In general circumstances,
when G is not compact, it is no longer true that a slice exists at each point of X.
Generalizing the case of compact Lie group actions, in 1961 Palais [39] introduced the
very important concept of a proper action of an arbitrary locally compact group G and
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proved that for such actions slices still exist at each point, whenever G is a Lie group.
This makes it possible to extend a substantial part of the theory of compact transformation
groups to locally compact ones. One of the purposes of our paper is to apply Palais’ Slice
theorem [39] to the equivariant theory of retracts.
We recall that an action of a locally compact Hausdorff group G on a Tychonoff space
X is said to be proper [38, Definition 1.2.2], if every point x ∈ X has a neighborhood Vx
such that for any point y ∈ X there is a neighborhood Vy with the property that the set
〈Vx,Vy〉 = {g ∈ G | gVx ∩ Vy = ∅} has compact closure in G. In this case X is called a
proper G-space. Clearly, if G is compact, then every G-space is proper. In the case when
G is discrete and X is locally compact, the notion of a proper action is the same as the
classical notion of a properly discontinuous action. When G = R, the additive group of the
reals, proper G-spaces are precisely the dispersive dynamical systems with regular orbit
space (see, [14, Chapter IV]).
In this paper we are interested in extending some results of equivariant theory of retracts
from the case of compact group actions to the case of proper actions of arbitrary locally
compact groups. First of all we are interested in extension properties of the orbit space,
which have proved very useful in attacking the Banach–Mazur compacta (see [8,10]). Our
main result (Theorem 6.4) states that if a proper G-space X is a G-ANE for all proper G-
spaces that are metrizable by a G-invariant metric, then the G-orbit space X/G is an ANE
provided that all the G-orbits in X are metrizable (e.g., either G or X are metrizable). The
proof in the case of a compact acting group is based on Theorem 4.6, which asserts that
if G is a compact Hausdorff group, then every X ∈ G-ANR is arbitrary closely dominated
by the G-nerve of a suitable G-normal cover of X. Further, on a G-polyhedron P (in
particular, on a G-nerve) any compact group acts in a “piecewise-Lie” fashion, i.e., for each
G-simplex σ ⊂ P , there exist a Lie group G′ acting on σ , and a continuous homomorphism
π :G → G′ such that gx = π(g)x for all g ∈ G, x ∈ X. Since each G-polyhedron is a G-
ANE (Theorem 5.9), next we apply the existing theory of compact Lie group actions on
G-ANEs (see [5]) and obtain on this way Theorem 6.1, which is just a particular case of
Theorem 6.4 for compact group actions.
The passage from the compact case to the locally compact one is based on a further
generalization of Palais’s Slice theorem to proper actions of arbitrary (non-Lie) locally
compact groups. This generalization is just Theorem 3.6 of Section 3. Besides, in the
proof of Theorem 6.4, unions of equivariant absolute neighborhood extensors arise, which
are studied in Section 5. In particular, we establish equivariant versions of two relevant
classical results: Hanner’s open union theorem [23] (see Corollary 5.7) and Kodama’s
closed union theorem [30] (see Corollaries 5.4 and 5.5). Our proofs here are essentially
simplified due to a new elegant approach, invented recently by Jerzy Dydak [18] in the
non-equivariant case, and I would like to thank him for providing me kindly with his
preprint [18].
The paper is organized as follows:
1. Introduction;
2. Preliminaries;
3. Existence of a slice for non-Lie groups;
4. Equivariant polyhedra and domination by a G-nerve;
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5. Unions of G-ANEs;
6. Orbit spaces of G-ANEs.
2. Preliminaries
Throughout the paper the letter G will denote a locally compact Hausdorff group unless
otherwise is stated; by e we shall denote the unity of G.
All topological spaces and topological groups are assumed to be Tychonoff (= com-
pletely regular and Hausdorff). The basic ideas and facts of the theory of G-spaces or
topological transformation groups can be found in Bredon [16] and in Palais [38]. Our ba-
sic reference on proper group actions is Palais’ article [39]. Other good sources are [1,2,
31,26]. For the equivariant theory of retracts the reader can see, for instance, [4,5,9].
For the convenience of the reader, we recall however some more special definitions and
facts below.
By a G-space we mean a topological space X together with a fixed continuous action
G × X → X of a topological group G on X. By gx we shall denote the image of the pair
(g, x) ∈ G×X under the action.
If Y is another G-space, a continuous map f :X → Y is called a G-map or an
equivariant map, if f (gx) = gf (x) for every x ∈ X and g ∈ G. If G acts trivially on Y
then we will use the term “invariant map” instead of “equivariant map”.
If X is a G-space, then for a subset S ⊂ X and for a subgroup H ⊂ G, the H -hull (or
H -saturation) of S is defined as follows: H(S) = {hs | h ∈ H, s ∈ S}. If S is the one point
set {x}, then the H -hull H(S) usually is denoted by H(x) and called the H -orbit of x . The
H -orbit space is denoted by X/H .
A subset S ⊂ X is called H -invariant if it coincides with its H -hull, i.e., S = H(S).
A G-invariant set is also called, simply, invariant.
For a closed subgroup H ⊂ G, by G/H we will denote the G-space of cosets {gH | g ∈
G} under the action induced by left translations.
If X is a G-space and H a closed normal subgroup of G, then the H -orbit space X/H
will always be regarded as a G/H -space endowed with the following action of the group
G/H : (gH) ∗ H(x)= H(gx), where gH ∈ G/H and H(x) ∈ X/H .
For any x ∈ X, the subgroupGx = {g ∈ G | gx = x} is called the stabilizer (or stationary
subgroup) at x .
A compatible metric ρ on a G-space X is called invariant or G-invariant, if ρ(gx,gy) =
ρ(x, y) for all g ∈ G and x, y ∈ X.
A locally compact group G is called almost connected whenever its space of connected
components is compact.
Let X be a G-space. Two subsets U and V in X are called thin relative to each other [39,
Definition 1.1.1], if the set
〈U,V 〉 = {g ∈ G | gU ∩ V = ∅}
has compact closure in G. A subset U of a G-space X is called small if every point in X
has a neighborhood thin relative to U . A G-space X is called proper (in the sense of Palais),
if every point in X has a small neighborhood. Each orbit in a proper G-space is closed, and
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each stabilizer is compact [39, Proposition 1.1.4]. Furthermore, if X is a compact proper
G-space, then G has to be compact as well.
Important examples of proper G-spaces are the coset spaces G/H with H a compact
subgroup of a locally compact group G. Other interesting examples the reader can find in
[1,2,8,26,31].
In the present paper we are especially interested in the class G-M of all metrizable
proper G-spaces X that admit a G-invariant metric. Observe that in this case the orbit
space X/G is metrizable. Indeed, if ρ is a G-invariant metric on a proper G-space X, then
the formula
ρ˜
(
G(x),G(y)
)= inf{ρ(x ′, y ′) | x ′ ∈ G(x), y ′ ∈ G(y)}
defines a metric ρ˜, compatible with the quotient topology of X/G [39, Theorem 4.3.4].
It is well known that for G a compact group, the class G-M coincides with the class
of all metrizable G-spaces. A fundamental result of Palais [39, Theorem 4.3.4], states that
if G is a Lie group, then G-M includes all separable, metrizable proper G-spaces. The
question of whether the separability can be omitted in this Palais’ result, still remains open
(even for G = R and G = Z, the integers). We refer to [12] for a further discussion of this
problem.
Another important subclass of G-M constitute the twisted products G×K Y , where G
is a locally compact, metrizable group, K a compact subgroup of G, and Y a metrizable K-
space (see [11, Lemma 1.1]). It is known from [1] that if G is an almost connected group,
then each X ∈ G-M has the form G×K Y , where K is a maximal compact subgroup of G,
and Y a K-space. Recall that the twisted product G×K Y is the orbit space of the K-space
G × Y , where K acts on G × Y by k(g, y) = (gk−1, ky). Furthermore, there is a natural
action of G on G ×K Y given by g′[g,y] = [g′g,y], where [g,y] denotes the K-orbit of
(g, y) ∈ G× Y .
Yet another important class of G-spaces we are interested in, is the class G-P of all
paracompact proper G-spaces X that have paracompact orbit space X/G. It is an open
problem whether the orbit space of any paracompact proper G-space is paracompact (see
[22,1]).
A G-space Y is called an equivariant neighborhood extensor for a given G-space X
(notation: Y ∈ G-ANE(X)), if for any closed invariant subset A ⊂ X and any G-map
f :A → Y , there exist an invariant neighborhood U of A in X and a G-map ψ :U → Y
such that ψ|A = f . If, in addition, one can always take U = X, then we say that Y is an
equivariant extensor for X (notation: Y ∈ G-AE(X)). The map ψ is called a G-extension
of f .
A G-space Y is called an equivariant absolute neighborhood extensor for the class G-
M (notation: Y ∈ G-ANE), if Y ∈ G-ANE(X) for any G-space X ∈ G-M. Similarly, if
Y ∈ G-AE(X) for any X ∈ G-M, then Y is called an equivariant absolute extensor for the
class G-M (notation: Y ∈ G-AE).
A G-space Y ∈ G-M is called an equivariant absolute neighborhood retract for the class
G-M (notation: Y ∈ G-ANR), provided for any closed G-embedding Y ↪→ X in some
G-space X from G-M, there exists a G-retraction r :U → Y , where U is an invariant
neighborhood of Y in X. If, in addition, one can always take U = X, then we say that Y is
an equivariant absolute retract for G-M (notation: Y ∈ G-AR).
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We notice that in general a metrizable G-ANE space Y need not be a G-ANR, because it
may not belong to the class G-M. But if Y ∈ G-M and Y ∈ G-ANE, then clearly Y ∈ G-
ANR. The converse, for G an almost connected group, is proved in [9, Remark 5].
Let us recall the well known definition of a slice [39, p. 305]:
Definition 2.1. Let X be a G-space and H a closed subgroup of G. An H -invariant subset
S ⊂ X is called an H -slice in X, if G(S) is open in X and there is a G-equivariant map
f :G(S) → G/H such that S=f−1(eH). The saturation G(S) will be said to be a tubular
set.
If G(S) = X, then we say that S is a global H -slice of X.
Lemma 2.2 [2]. Let H be a compact subgroup of G, X be a proper G-space and
f :X → G/H be a G-map. Let S = f−1(eH). Then the map ξ :G ×H S → X defined
by ξ([g, s]) = gs is a G-homeomorphism and ξf = p, where p :G×H S → G/H is given
by p([g, s]) = gH .
The following result of Palais [39, Proposition 2.3.1] plays a central rule in the theory
of topological transformation groups:
Theorem 2.3 (Slice Theorem). Let G be a Lie group, X be a proper G-space and x ∈ X.
Then there exists a Gx -slice S ⊂ X such that x ∈ S.
In what follows for a given space X we will denote by Cone(X) the cone over X which
is, by definition, the quotient set [0,1]×X/{0}×X equipped with the weak topology. The
image of a point (t, x) ∈ [0,1]×X under the identification map p : [0,1]×X → Cone(X)
will be denoted by tx , and we will write simply ∗ instead of 0x; this is the vertex of the
cone.
Recall that a subset U ⊂ Cone(X) containing the vertex of Cone(X) belongs to the weak
topology iff p−1(U) is open in [0,1] ×X and there is an ε > 0 with [0, ε)×X ⊂ p−1(U).
If U does not contain the vertex, then it belongs to the weak topology iff p−1(U) is open
in [0,1] ×X. It is easy to see that the weak topology is weaker than the quotient topology,
and the two topologies on Cone(X) coincide whenever X is compact.
If X is a G-space with G any topological group, then Cone(X) becomes a G-space
with respect to the action defined as follows: g(tx) = t (gx); g ∈ G, tx ∈ Cone(X).
If, in addition X is metrized by a G-invariant metric d with d  1, then the formula
d∗(t1x1, t2x2) =
√
t21 + t22 − 2t1t2 cos(d(x1, x2)) defines a compatible G-invariant metric
on Cone(X) (see [11]).
In the sequel we shall need the following
Proposition 2.4 [11, Proposition 2.2]. Let G be any (not necessarily locally compact)
group and X ∈ G-P . If Y ∈ G-ANE(X), then Cone(Y ) ∈ G-AE(X).
A G-space X is said to be locally G-contractible, if for every point x ∈ X and any Gx -
neighborhood U of x , there exists a Gx -neighborhood V of x which is Gx -contractible
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in U to the point x; this means that there is a homotopy ft :V × [0,1] → U such that
f0(y) = y , f1(y)= x and ft (gy) = gft (y) for all y ∈ V, t ∈ [0,1] and g ∈ Gx .
The following characterization of finite-dimensional separable G-ANRs was given
originally in Jaworowski [27, Proposition 3.2] for locally compact G-spaces:
Proposition 2.5 (Jaworowski). Let G be a compact Lie group and X be a finite-
dimensional separable metrizable G-space. Then X is a G-ANR iff it is locally G-
contractible.
It follows from [28, Theorem 4.2] that the local compactness assumption can be
removed here. We notice that the separability assumption also can be removed in this result.
However, for our purposes in Section 5, Proposition 2.5 in its present form, is sufficient.
3. Existence of a slice for non-Lie groups
In this section we shall prove a version of the Slice theorem 2.3, applicable for non-Lie
group actions also. We first recall the following
Definition 3.1 [7,9]. A closed subgroup H ⊂ G is called a large subgroup, if there exists a
closed normal subgroup N ⊂ G such that N ⊂ H and G/N is a Lie group.
The following simple characterization of a large subgroup will be useful in the sequel:
Proposition 3.2. Let H be a closed subgroup of G. Then the following conditions are
mutually equivalent:
(1) H is a large subgroup,
(2) G/H is a metrizable G-ANE for the class G-P ,
(3) G/H is locally contractible.
Proof. (1) ⇒ (2). Let H be a large subgroup and N be as in Definition 3.1 above. Then
we have the following equality of G-spaces:
G/H = G/N
H/N
. (3.1)
Since G/N is a Lie group, by Proposition [19, pp. 23–24], G/H is a G/N -ANE for
G-P . Since N acts trivially on G/H , it then follows (see [4, Proposition 3]) that G/H is
a G-ANE for G-P . Observe also that G/H is metrizable because G/N is metrizable and
H/N is its closed subgroup (see [35, Chapter I, §1.23]).
(2) ⇒ (3). Since G/H is metrizable, it should be an ANR for metrizable spaces, and
hence, it is locally contractible.
(3) ⇒ (1). Denote by N the kernel of the G-action on G/H , i.e.,
N = {g ∈ G | gx = x for all x ∈ G/H }.
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Evidently, N ⊂ H and the group G/N acts effectively and transitively on G/H . By [41,
Theorem 9], any locally compact group acting effectively and transitively on a locally
compact and locally contractible space is a Lie group. Since G/H is locally contractible,
it follows that G/N is a Lie group, and hence, H is a large subgroup of G. 
Lemma 3.3. Let H be a closed normal subgroup of G, and K a compact large subgroup
of G. Let H ′ = K ∩ H and K ′ = K/H ′. Then K ′ is isomorphic to a compact large
subgroup of the quotient group G/H .
Proof. Evidently, K ′ is topologically isomorphic to the subgroup (K · H)/H of G/H ,
which is exactly the image of K under the natural homomorphism G → G/H ; so K ′ is
compact too. Let us show that (K ·H)/H is a large subgroup in G/H .
Since K is a compact large subgroup of G, there exists a compact normal subgroup N
of G such that N ⊂ K and G/N is a Lie group. Then (N · H)/H is a compact normal
subgroup of G/H with (N ·H)/H ⊂ (K ·H)/H . Check that G/H
(N ·H)/H is a Lie group. It is
easy to see that the following equality of topological groups holds:
G/H
(N ·H)/H =
G/N
(N ·H)/N .
Since G/N is a Lie group and (N · H)/N is its closed normal subgroup, the quotient
group G/N
(N ·H)/N is itself a Lie group [35, §4.11]. Thus,
G/H
(N ·H)/H is a Lie group, and hence,
(K ·H)/H is a compact large subgroup of G/H . 
One of the basic properties of large subgroups is expressed in the following
Proposition 3.4. Let K be a compact large subgroup of G, and X a G-ANE (respectively,
a G-AE). Then X is a K-ANE (respectively, a K-AE).
Proof. Let Y be a metrizable K-space, B a closed K-invariant subset of Y and f :B → X
a K-equivariant map. Then f induces a G-map F :G×K B → X by the rule: F([g,b])=
gf (b), where [g,b] ∈ G×KB (see [16, Chapter I, Theorem 3.3]). Since G/K is metrizable
(see Proposition 3.2), according to [9, Proposition 3], G × KY is metrizable as well.
Further, G × KY is a proper G-space (see [1]), and (G × KY)/G = Y/K (see e.g., [9,
Proposition 2]). Since Y is metrizable and K is compact, we infer that Y/K is metrizable
(see, [38, Proposition 1.1.12]). Hence, (G×KY)/G is also metrizable. Now, [12, Lemma]
yields that G× KY ∈ G-M.
Clearly, G × KB is a closed G-invariant subset of the G-space G × KY . Since X is
a G-ANE, there exist a G-neighborhood U of G × KB in G × KY and a G-extension
F1 :U → X of F . Evidently, V = U ∩ Y is a K-invariant neighborhood of B in Y , and the
restriction f1 = F1|V is the required K-extension of f (recall that here we identify Y , as a
K-space, with the K-invariant subset {[e, y] | y ∈ Y } of G× KY ).
If, in addition, X is a G-AE, then one can choose U = G × KY , which yields that
V = Y . This completes the proof. 
The following notion is crucial in Section 4.
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Definition 3.5 [7,9]. A G-space X is called a rich G-space, if for any point x ∈ X and any
neighborhood U ⊂ X of x , there exists a point y ∈ U such that the stabilizer Gy is a large
subgroup of G, and Gx ⊂ Gy .
The rule of the above notions of a large subgroup and of a rich G-space is clarified
by the following result, which can be regarded as an approximate version of Palais’ Slice
Theorem 2.3 for non-Lie group actions:
Theorem 3.6. Let X be a proper G-space and x ∈ X. Then for any neighborhood O of x
in X, there exist a compact large subgroup K of G with Gx ⊂ K , and a K-slice S such
that x ∈ S ⊂ O . Moreover, if X is a rich G-space, then there exists a point y ∈ S such that
Gy = K .
Remark 3.7. Evidently, if G is a Lie group, then any subgroup of G is large and any G-
space is rich, so Theorem 3.6 generalizes Theorem 2.3. However, one should not expect
that if we omit in Theorem 2.3 the word “Lie”, then the assertion will remain true; we refer
the reader to [7] for the corresponding discussion.
Remark 3.8. A version of this theorem was first proved by Abels [2, Theorem 3.3], without
requiring K to be a large subgroup. Independently, in [7] the theorem was established in
its present form, but only for a compact acting group G. We emphasize here that namely
the property “K is a large subgroup” is responsible for the applications of Theorem 3.6 in
the present paper (see Sections 5 and 6). While our proof in [7] is different from that of
Abels in [2, Theorem 3.3], below we shall modify Abels’ argument to obtain a proof of
Theorem 3.6.
We first prove the following:
Lemma 3.9. Let X be a proper G-space. Then for any point x ∈ X and any neighborhood
O of x , there exists a neighborhood O ′ of x such that Gy(x) ⊂ O for every y ∈ O ′.
Proof. Assume the contrary. Then for a point x ∈ X, there exist a neighborhood U and
nets {yµ} ⊂ X, {gµ} ⊂ G such that {yµ} converges to x , gµyµ = yµ and gµx ∈ X \ U .
Since X is a proper G-space, we can assume without loss of generality, that U is a
small neighborhood, in particular, the set 〈U,U〉 has compact closure in G. Since {yµ}
converges to x we infer that {yµ} essentially belongs to U . Consequently, {gµ} essentially
lies in the closure 〈U,U〉. Thus passing, if necessary, to a subnet it can be assumed
that {gµ} converges to an element g ∈ 〈U,U〉 ⊂ G. Then x = limyµ = limgµyµ = gx
and limgµx = gx . This implies that limgµx = x , which contradicts the condition gµx ∈
X \U . 
Proof of Theorem 3.6. Set V = {g ∈ G | gx ∈ O}. Then V is an open neighborhood of
the compact subgroup Gx in G.
We first consider two special cases, namely G totally disconnected and G almost
connected, and combine the two to get the general result.
S. Antonyan / Topology and its Applications 146–147 (2005) 289–315 297
(1) Let G be totally disconnected. There exists a compact open subgroup K of G such
that Gx ⊂ K ⊂ V (see [2, Lemma 3.2]). Therefore G/K is discrete, and hence, K is a
large subgroup of G (see Proposition 3.2). Since K is compact and K(x) ⊂ O , there exists
a neighborhood Q of x such that K(Q) ⊂ O . Then by [39, Proposition 1.1.6], there exists
a neighborhood W of the point x in X such that 〈W,W 〉 ⊂ K . Then the set S = K(Q∩W)
is a K-invariant neighborhood of x with S ⊂ O and 〈S,S〉 = K−1〈Q∩W,Q∩W 〉K = K .
Now, the set U = G(S) is a disjoint union of open subsets gS, one g out of every coset
G/K . So, the map f :U → G/K with f (u) = gK , u ∈ gS, is a well defined G-map of U
into G/K , and f−1(eK)= S. As x ∈ S ⊂ O , we are done.
If, in addition, X is a rich G-space, then we first choose by Lemma 3.9, a neighborhood
O ′ of x such that Gy(x) is contained in O for all y ∈ O ′. Next we choose a point y ∈ O ′
such that Gy is a large subgroup of G and Gx ⊂ Gy . It is clear from Definition 3.1 and
from formula (3.1) that a subgroup of a totally disconnected group is large iff it is open.
Thus Gy is a compact, open subgroup of G and Gx ⊂ Gy . If G(x) = G(y), then Gx , being
conjugate to Gy , is compact, open and Gx ⊂ V ; so we can continue as above with K = Gx .
The K-slice S above constructed, is the desired one.
If G(y) = G(x), then we first choose disjoint invariant neighborhoods Ax and Ay of
G(x) and G(y), respectively. Further, we choose a small neighborhood Bx of x and a small
neighborhood By of y such that Bx ⊂ Ax and By ⊂ Ay . As above, we can find K-invariant
neighborhoods Sx ⊂ O and Sy ⊂ O of x and y , respectively such that 〈Sx,Sx〉 = K and
〈Sy,Sy〉 = K , where K = Gy . Set S = Sx ∪ Sy . Then the set U = G(S) is the disjoint
union of open subsets gS, one g out of every coset G/K . Hence, the map f :U → G/K
with f (u) = gK , u ∈ gS, is a well defined G-map of U into G/K with f−1(eK) = S.
Since x , y ∈ S ⊂ O and Gy = K , we are done.
(2) Let G be almost connected. By compactness of Gx , there exists a neighborhood
V1 of e such that V1 · Gx ⊂ V . By a result of Glushkov [21, Theorem 8], V1 contains a
compact normal subgroup M of G such that G/M is a Lie group. Set K = M · Gx . Then
K is a large subgroup of G and Gx ⊂ K ⊂ V . Since K is compact and K(x) ⊂ O , there
exists a neighborhood Q of x such that K(Q) ⊂ O . Let p :X → X/M be the M-orbit
map. Then the M-orbit space X/M is a proper G/M-space [39, Proposition 1.3.2], and it
is easy to see that the G/M-stabilizer of the point x∗ = p(x) is just the group K/M . Now,
by Palais’ Slice Theorem 2.3, there exists an invariant neighborhood U∗ of x∗ in X/M and
a G/M-equivariant map f ∗ :U∗ → G/M
K/M
such that f ∗(x∗) = K/M .
Since the two G-spaces G/M
K/M
and G/K are naturally G-homeomorphic,we can consider
f ∗ as a G-equivariant map from U∗ to G/K with f ∗(x∗) = eK . Let W be the G/M-
saturation of the open set p(Q) in X/M , and U˜ = U∗∩W . Let f˜ = f ∗|U˜ . Then the K-slice
S˜ = f˜−1(eK) lies in p(Q) and x∗ ∈ S˜ . Let U = p−1(U˜), S = p−1(S˜) and f :U → G/K
be the composition f˜ p. Since S = f−1(eK) ⊂ K(Q) ⊂ O and x ∈ S, we conclude that S
is the desired K-slice.
If, in addition, X is a rich G-space, then we first choose a neighborhood O ′ of x such
that Gy(x) is contained in O for all y ∈ O ′ (see Lemma 3.9). Next we choose a point
y ∈ O ′ such that Gy is a large subgroup of G and Gx ⊂ Gy . If G(y) = G(x), then the
stabilizer Gx , being conjugate to Gy , is also a large subgroup, and we can continue as
above with K = Gx . The resulting K-slice S is the desired one.
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If G(y) = G(x), then we first choose disjoint invariant neighborhoods Ax and Ay of
G(x) and G(y), respectively. Since Gy is a large subgroup, there is a compact normal
subgroup N ⊂ G such that N ⊂ Gy and G/N is a Lie group. Next, we repeat twice
the argument above: first for the G-space Ax with x ∈ O ∩ Ax , M = N , K = Gy , and
then for the G-space Ay with y ∈ O ∩ Ay , M = N , K = Gy . As a result we get two K-
slices Sx ⊂ O ∩ Ax and Sy ⊂ O ∩ Ay containing the points x and y , respectively. Since
Ax ∩ Ay = ∅, the union S = Sx ∪ Sy is the desired K-slice.
(3) Let G be arbitrary. Assume that G0 is the connected component of e in G and
G˜=G/G0. Set X˜ = X/G0 and let p :X → X˜ be the G0-orbit map. Then X˜ is a proper
G˜-space [39, Proposition 1.3.2], and the stabilizer of the point x˜ = p(x) in G˜ is just the
group (G0 · Gx)/G0. We now apply part 1 of our proof to the totally disconnected group
G˜ and the proper G˜-space X˜. Then there exists a compact open subgroup H˜ ⊂ G˜ with
G˜x˜ ⊂ H˜ and a G˜-map f1 :U1 → G˜/H˜ of an open G˜-invariant neighborhood U1 of x˜ in X˜
to the discrete G˜-space G˜/H˜ , with x˜ ∈ f−11 (H˜ ) ⊂ p(O).
Let π :G → G˜ be the canonical homomorphism and H = π−1(H˜ ). Then H is an
open, almost connected subgroup of G. The inverse image W1 = f−11 (e˜H˜ ) is an open H˜ -
invariant subset of X˜, so the set W = p−1(W1) is an open H -invariant subset of X with x ∈
W , Gx ⊂ H and G0 ⊂ H . We apply part 2 of our proof to the almost connected group H ,
the proper H -space W and the neighborhood O ∩W of the point x in W . Then there exist
an H -neighborhood U of x in W , a compact large subgroup K of H with Hx ⊂ K , and an
H -map f0 :U → H/K with x ∈ f−10 (eK) ⊂ O ∩ W . We want to extend f0 to a G-map
f :G(U) → G/K . Since H/K ⊂ G/K , we simply define f (gu) = gf0(u) for g ∈ G, u ∈
U . It is easy to check that f is a well defined G-map. Then the K-slice S = f−1(eK) is
the desired one. Since Gx ⊂ H , we infer that Gx = Hx , so Gx ⊂ K . On the other hand,
H/K is locally contractible because K is a large subgroup of H (see Proposition 3.2). But
H/K is an open subset of the homogeneous space G/K , so G/K is locally contractible as
well, which implies by Proposition 3.2, that K is a large subgroup of G.
If, in addition, X is a rich G-space, then the above open H -invariant set W is a rich
H -space because Gy = Hy for every point y ∈ W . According to case 2, there exist an
H -neighborhood U of x in W and an H -map f0 :U → H/Gy with x, y ∈ f−10 (eGy) ⊂
O∩W . As above we extend f0 to a G-map f :G(U) → G/Gy by putting f (gu) = gf0(u)
for g ∈ G, u ∈ U . Then f is a well defined G-map and the K-slice S = f−1(eK) is the
desired one. This completes the proof. 
There are sufficiently many rich G-spaces; indeed, it was proved in [7] that if G is a
compact group, then every G-ANR is a rich G-space. The same is true for an arbitrary
locally compact group G:
Proposition 3.10. Every proper G-ANE is a rich G-space.
Proof. Let X be a proper G-ANE, x ∈ X and O a neighborhood of x . Then by
Theorem 3.6, there is a compact large subgroup K , and a K-slice S such that x ∈ S ⊂ O .
The tube G(S), being an open subset of X, is a G-ANE as well. This yields that G(S)
is a K-ANE (see Proposition 3.4). Hence, according to [7, Proposition], G(S) is a rich
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K-space, so there exists a point y ∈ G(S) ∩ O such that Kx ⊂ Ky , and Ky is a large
subgroup in K . Let us show that Gy is a large subgroup in G.
Since Ky ⊂ Gy , it suffices to show that Ky is a large subgroup in G. There are closed
normal subgroups M and N of the groups G and K , respectively, such that M ⊂ K ,
N ⊂ Ky , and the quotients G/M and K/N are Lie groups. Since K is compact, we see
that M and N are compact too. We have to prove that G/N is a Lie group. Since (MN)/N
is a closed subgroup of the Lie group K/N , it is itself a Lie group [35, §4.11]. Similarly,
(MN)/M , being a closed subgroup of the Lie group G/M , is a Lie group. Since
G/(MN) = G/M
(MN)/M
with (MN)/M a closed subgroup of G/M , we conclude that G/(MN), being a quotient
group of the Lie group G/M , is a Lie group as well [35, §4.11]. Next, one has the following
equality of topological groups:
G/(MN) = G/N
(MN)/N
.
Since G/(MN) and (MN)/N are Lie groups with (MN)/N a closed subgroup of G/N ,
we infer that G/N is a Lie group as well; this follows from the local cross-section
theorem of A. Gleason to the effect that G/N is locally homeomorphic to the product
(G/MN) × (MN/N) (see [35, §5.4, Theorem 1]). Since (G/MN)× (MN/N) is locally
Euclidean, we see that G/N is so, and hence, by the Hilbert’s fifth problem, G/N is a
Lie group (see [35, § 4.10]). Thus Ky , and hence, Gy is a large subgroup in G. Since S
is a K-slice, we infer that Gx = Kx . But Kx ⊂ Ky ⊂ Gy , implying that Gx ⊂ Gy . This
completes the proof. 
4. Equivariant polyhedra and domination by a G-nerve
4.1. Equivariant polyhedra
In this subsection we shall introduce the notion of an equivariant polyhedron or a G-
polyhedron, and prove in Section 5 that each G-polyhedron is a G-ANE. We refer to [25]
for an alternate notion of the equivariant triangulation.
Let H = {Hµ | µ ∈M} be a family of large subgroups of G. Then each coset space
G/Hµ is a metrizable G-space (see Proposition 3.2). For short, let Cµ denote the cone over
G/Hµ equipped with the weak topology (see Section 2). Then Cµ is a metrizable G-space.
Typically the points of Cµ will be denoted by tgµHµ, where t ∈ [0,1] and gµHµ ∈ G/Hµ.
Let M′ be the set of all finite subsets of M. Consider the Cartesian product ∏µ∈MCµ
equipped with the diagonal action of G. For every B = {µ0, . . . ,µn} ∈M′, we denote by
J (B) the following subset of ∏µ∈MCµ:{
(tµgµHµ) ∈
∏
µ∈M
Cµ
∣∣∣ tµ = 0 for all µ ∈M \ B and ∑
µ∈M
tµ = 1
}
.
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In what follows we shall use the convention
∑
tµgµHµ for the point (tµgµHµ)µ∈M ∈
J (B). The numbers tµ are called barycentric coordinates of
∑
tµgµHµ.
Clearly, J (B) is an invariant subset of ∏µ∈MCµ, equivariantly homeomorphic to the
finite join
G/Hµ0 ∗ · · · ∗G/Hµn
in the sense of Milnor [34]. It is a metrizable G-space, compact, when G is compact. Next,
we define
J =
⋃{J (B) | B ∈M′},
and equip J with the action induced from∏µ∈MCµ, i.e.,
g
(∑
tµgµHµ
)
=
∑
tµggµHµ, g ∈ G.
Usually, the weak topology determined by the cover {J (B) | B ∈M′} is considered on
J . Namely, a set U ⊂ J is open in J iff U ∩J (B) is open in J (B) for every B ∈M′. It
is easy to see that J becomes a G-space and each J (B) is a closed invariant subset of J .
Let L be a full polyhedron with M as the set of its vertices (i.e., every finite collection
of vertices constitute a simplex in L). Let π :J → L be the natural projection, i.e., π
assigns to each point
∑
tµgµHµ ∈ J the point {tµ} ∈ L. Clearly, this map is continuous
and invariant.
Finally, let us pass to the general definition of an equivariant polyhedron.
Let K ⊂ L be a subpolyhedron. The invariant subset J (K) = π−1(K) of J is called
a join of the family {G/Hµ | µ ∈M} over the polyhedronK.
For every index µ ∈M, we choose an open neighborhood Oµ of the unity in G.
Let for every simplex L ∈ K with the vertices µ0, . . . ,µn, an invariant set FL ⊂∏
µ∈LG/Hµ is defined in such a way that if S is a subsimplex of L, then qLS(FL) ⊂ FS ,
where qLS :
∏
µ∈LG/Hµ →
∏
µ∈S G/Hµ is the Cartesian projection. Denote by F the
family of all these sets FL.
Let OL = {Oµ0, . . . ,Oµn} and O = {Oµ | µ ∈M}.
For a simplex L = 〈µ0, . . . ,µn〉 ∈K, let us denote by ∆(L,FL,OL) the invariant subset
of the finite subjoin J (L) that consists of all those points∑ tµgµpµHµ ∈ J (L) for which
(gµ0Hµ0, . . . , gµnHµn) ∈ FL and pµ ∈ Oµ.
Set,
∆(L) =
⋃{
∆(S,FS,OS) | S is a subsimplex of L
}
.
Then, ∆(L) is a G-invariant subset of the finite join J (L). We always will consider the
induced topology on ∆(L).
We call ∆(L) a closed G-n-simplex over the simplex L associated with the families
{Hµ0, . . . ,Hµn}, {Oµ0, . . . ,Oµn} and {FS | S is a subsimplex of L}.
In the sequel it will be convenient to define the G-dimension G-dim∆(L) to be equal
to the number n = dimL.
The homogeneous G-spaces G/Hµ0, . . . ,G/Hµn are called G-vertices of the G-
simplex ∆(L).
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Next, if gµ0Hµ0 ∈ G/Hµ0, . . . , gµnHµn ∈ G/Hµn are fixed elements, then the n-cell
〈gµ0Hµ0, . . . , gµnHµn〉 is defined to be the following subspace of the join G/Hµ0 ∗ · · · ∗
G/Hµn :{∑
tµg
′
µHµ ∈ J (L)
∣∣ g′µiHµi = gµiHµi for all 0 i  n}.
Consider the following invariant subset of the join J (K):
P(K,O,F) =
⋃{
∆(L) | L ∈K}.
Let ξ :P(K,O,F) →K be the restriction of the canonical projection π :J → L, i.e.,
ξ assigns to each point
∑
tµgµHµ ∈ P(K,O,F) the point {tµ} ∈K.
For each simplex L ∈ K, the preimage ξ−1(L) is just the G-simplex ∆(L). If M ∈ K
is yet another simplex, then ξ−1(L) ∩ ξ−1(M) = ξ−1(L ∩ M). This implies that the
intersection ∆(L)∩ ∆(M)= ∆(L ∩M) is a G-subsimplex of both ∆(L) and ∆(M).
Consider the weak topology on P(K,O,F) determined by the family {∆(L) | L ∈K}.
Namely, a set U ⊂ P(K,O,F) is open in P(K,O,F) iff U ∩ ∆(L) is open in ∆(L)
for every simplex L ∈ K. Since the intersection ∆(L) ∩ ∆(M) is closed in both ∆(L)
and ∆(M), we see that each G-simplex ∆(L) retains its original topology and is a closed
invariant subset of P(K,O,F) (see, e.g., [17, Chapter VI, §8]).
Definition 4.1. The G-set P(K,O,F), endowed with the weak topology determined by
the family of its G-simplexes {∆(L) | L ∈K}, is called an equivariant polyhedron or a G-
polyhedron over K, associated with the families H= {Hµ | µ ∈M}, O = {Oµ | µ ∈M}
and F = {FL ⊂∏µ∈LG/Hµ | L ∈K}.
The G-polyhedron P(K,O,F) is called finite, if the polyhedronK is finite.
The following two results will be used in the proof of Theorem 5.9 below.
Lemma 4.2. Let X1, . . . ,Xn be G-ANEs. Then the join X1 ∗ · · · ∗Xn is a G-ANE.
Proof. It is easy to verify that the map
f : Cone(X1 ∗ · · · ∗Xn) → Cone(X1)× · · · × Cone(Xn)
defined by
f
(
t
n∑
i=1
tixi
)
=
(
tt1
max{t1, . . . , tn}x1, . . . ,
ttn
max{t1, . . . , tn} xn
)
,
is a G-homeomorphism, where
∑n
i=1 tixi ∈ X1 ∗ · · · ∗Xn and t ∈ [0,1].
But each Cone(Xi) is a G-AE (see Proposition 2.4), and hence, the product Cone(X1)×
· · · × Cone(Xn) is so. Consequently, Cone(X1 ∗ · · · ∗ Xn) is a G-AE. Since the base
X1 ∗ · · · ∗ Xn of the cone is an evident G-neighborhood retract of Cone(X1 ∗ · · · ∗ Xn),
we are done. 
Lemma 4.3. If G is a compact group, then each G-simplex ∆(L) is a G-ANE.
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Proof. Let µ0, . . . ,µn be the vertices of the simplex L, and G/Hµ0, . . . ,G/Hµn the G-
vertices of ∆(L) with Hµ0, . . . ,Hµn large subgroups of G. Let for every 0  i  n,
Nµi ⊂ G be a closed normal subgroup such that Nµi ⊂ Hµi and G/Nµi is a Lie group.
Set N = Nµ0 ∩ · · · ∩ Nµn . Then it is easy to see that N is a closed normal subgroup of G
and the quotient group G/N is also a Lie group (see e.g., [40, Chapter 8, Section 46 (A)]).
Furthermore, the following equalities of G-spaces hold:
G/Hµi =
G/N
Hµi/N
, i = 0, . . . , n.
Respectively, FL can be considered as a G-invariant subset of the product
G/N
Hµ0/N
× · · · × G/N
Hµn/N
.
Let O ′µi = π(Oµi ), where π :G → G/N is the canonical projection.
Then the G-simplex ∆(L) determined by the families
{Oµ0, . . . ,Oµn} and {FS | S is a subsimplex of L},
can be considered as a G/N -simplex determined by the families {O ′µ0, . . . ,O ′µn} and{FS | S is a subsimplex of L}.
Now, since N acts trivially on ∆(L), according to [4, Proposition 3], ∆(L) is a G-ANE
iff it is a G/N -ANE (see also the claim in the proof of Lemma 6.2 below). Since G/N is a
Lie group, the lemma is reduced to the case when the acting group is a compact Lie group.
So, we continue with the proof of Lemma 4.3, assuming that G is a compact Lie group.
Since ∆(L) is finite-dimensional, according to Proposition 2.5, it suffices merely to
check that ∆(L) is locally G-contractible.
We do this by induction on the number G-dim∆(L) = dimL.
If G-dim∆(L) = 0, then ∆(L) is just G/H for some large subgroup H ⊂ G, and G/H
is a G-ANE by [38, Corollary 1.6.7].
Assume that every G-simplex with G-dim < n is G-contractible, and suppose that G-
dim∆(L) = n, where L is a simplex with the vertices µ0, . . . ,µn.
Let x =∑ni=0 tigipiHµi be any point of the G-simplex ∆(L), and let U be any Gx -
invariant neighborhood of x in the join G/Hµ0 ∗ · · · ∗ G/Hµn . If each ti > 0, then, since
the sets Oµi ⊂ G are open, x is an interior point of ∆(L) in the join G/Hµ0 ∗ · · · ∗G/Hµn .
Since each G/Hµi is a G-ANE (see [38, Corollary 1.6.7]), Lemma 4.2 yields that
G/Hµ0 ∗ · · · ∗ G/Hµn ∈ G-ANE. Therefore, its open G-subset Int∆(L) is also a G-ANE,
and hence, is locally G-contractible (see [27]). Then there exists a Gx -neighborhood W
of x in Int∆(L), which Gx -equivariantly contracts to x with respect to the neighborhood
U ∩ Int∆(L).
Now suppose that zero is among the numbers ti , say, tn = 0. Then the point x has the
form x =∑n−1i=0 tigipiHµi .
It is convenient to represent G/Hµ0 ∗ · · · ∗ G/Hµn as the join of two spaces, namely
of G/Hµ0 ∗ · · · ∗ G/Hµn−1 and G/Hµn . In this case each point z =
∑n
i=0 tizi in G/Hµ0 ∗· · · ∗ G/Hµn has the form
z = (1 − tn)y + tnzn,
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wherey =
n−1∑
i=0
ti
1 − tn zi ∈ G/Hµ0 ∗ · · · ∗ G/Hµn−1 .
One can suppose here, without loss of generality, that U is a, so-called, radial neigh-
borhood, i.e., (1 − ttn)y + ttnzn ∈ U whenever (1 − tn)y + tnzn ∈ U and 0 t  1.
Let M be the (n − 1)-simplex with the vertices µ0, . . . ,µn−1. By the inductive
hypothesis, there exists a Gx -neighborhood V of x in G/Hµ0 ∗ · · · ∗ G/Hµn−1 such that
V ∩∆(M) is Gx -contractible to x in the set U ∩∆(M).
Let Sn be the open invariant subset of the join G/Hµ0 ∗ · · · ∗ G/Hµn consisting of all
points
∑n
i=0 tizi for which tn < 1. There is a strong G-deformation retraction
Φt :Sn → Sn, t ∈ [0,1],
of Sn onto G/Hµ0 ∗ · · · ∗ G/Hµn−1 , given by the formula:
Φt
(
n∑
i=0
tizi
)
=
n−1∑
i=0
ti(1 − ttn)
1 − tn zi + t tnzn.
Consider the set
V ∗ (G/Hµn) =
{
n∑
i=0
tizi ∈ G/Hµ0 ∗ · · · ∗ G/Hµn
∣∣∣∣ n−1∑
i=0
ti
1 − tn zi ∈ V
}
.
Then the intersection Sn ∩ (V ∗ (G/Hµn)) is an open G-subset of the join G/Hµ0 ∗· · · ∗ G/Hµn, and hence, the set W = (Sn ∩ (V ∗ G/Hµn)) ∩ U is an open Gx -subset of
G/Hµ0 ∗ · · · ∗G/Hµn .
Since U is a radial set, we see that Φt(
∑n
i=0 tizi) ∈ U whenever
∑n
i=0 tizi ∈ U .
Moreover,
Φ0
(
n∑
i=0
tizi
)
=
n−1∑
i=0
ti
1 − tn zi = y,
and hence, Φ0(
∑n
i=0 tizi ) belongs to V whenever
∑n
i=0 tizi ∈ W .
On the other hand, Φt(
∑n
i=0 tizi) ∈ ∆(L) for all t ∈ [0,1] and
∑n
i=0 tizi ∈ ∆(L).
Thus, {Φt } realizes a Gx -homotopy in U ∩ ∆(L) of the Gx -neighborhood W ∩ ∆(L)
to the set V ∩∆(M) which, in turn, is Gx -contractible in U ∩∆(M) to the point x . Hence,
W ∩ ∆(L) is Gx -contractible in U ∩ ∆(L) to the point x . This completes the proof. 
4.2. Domination by a G-nerve
Generalizing the idea in Matumoto [33], we define the G-nerve N (U) of a G-normal
cover U . Our approach is different from the one in [37,20], and is applicable to non-Lie
group actions also.
Let X ∈ G-M. Let H ⊂ G be a closed subgroup, S an H -slice in X, and O ⊂ G a
neighborhood of the identity. The pair (gOS,H), where g ∈ G and gOS = {gps | p ∈
O, s ∈ S}, is called a tubular segment of type H , and the group H is called its companion
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group. The pair (OS,H) is called the initial tubular segment of length O of the H -tube
G(S).
A family
U = {(gOµSµ,Hµ) | g ∈ G, µ ∈M}
consisting of tubular segments with large companion groups Hµ is called a G-normal
cover of X, if the family of open tubes U˜ = {G(Sµ) | µ ∈M} covers X and, there exists
an invariant locally finite partition of unity {ϕµ :X → [0,1] | µ ∈M} subordinated to U˜ ,
i.e., every ϕµ is an invariant function with ϕ−1µ ((0,1]) ⊂ G(Sµ). A G-normal cover is
called rich, if each companion subgroup Hµ is the stabilizer of a point y ∈ Sµ. When G
is the trivial group, the notion of a G-normal cover reduces to that of a normal cover (see,
[32, Appendix 1, §3.1]).
Let N˜ (U) be the ordinary nerve of the invariant cover {G(Sµ) | µ ∈ M}. In the
sequel we will denote by 〈µ0, . . . ,µn〉 the simplex of N˜ (U) determined by the tubular
sets G(Sµ0), . . . ,G(Sµn). Let fµ :G(Sµ) → G/Hµ be the corresponding G-map with
f−1µ (eHµ) = Sµ (see Definition 2.1). For any simplex L = 〈µ0, . . . ,µn〉 ∈ N˜ (U), we
define the following subset of the product
∏n
i=0 G/Hµi :
FL =
{(
fµ0(x), . . . , fµn(x)
) ∣∣ x ∈ n⋂
i=0
G(Sµi )
}
.
It follows from the equivariance of fµi , i = 0, . . . , n, that FL is an invariant subset
of the G-space
∏n
i=0 G/Hµi . Denote by F the family of all these sets FL. Evidently,
qLS(FL) ⊂ FS whenever S is a subsimplex of L, where
qLS :
∏
µ∈L
G/Hµ →
∏
µ∈S
G/Hµ
is the Cartesian projection.
Let O= {Oµ | µ ∈M}.
Then the G-polyhedron N (U) = P(N˜(U),O,F) is well defined and it is called the
G-nerve of the cover U . Thus,
N (U) =
⋃{
∆(L) | L ∈ N˜ (U)},
equipped with the weak topology determined by the family of its closed G-simplices
{∆(L) | L ∈ N˜ (U)}.
Lemma 4.4. Let Y be any G-space and U = {(gOµSµ,Hµ) | g ∈ G, µ ∈ M} a
G-normal cover of Y . Then for each invariant locally finite partition of unity subordinated
to the cover U˜ = {G(Sµ) | µ ∈ M}, there exists a G-map p :Y → N (U) such that
p−1(St(gHµ, N (U))) ⊂ G(Sµ) for any g ∈ G and µ ∈M, where
St
(
gHµ, N (U)
)= {∑
λ∈M
tλgλHλ ∈N (U)
∣∣ tµ > 0, gµHµ = gHµ}.
Proof. Let {ϕµ :Y → [0,1] | µ ∈ M} be an invariant locally finite partition of unity
subordinated to the cover U˜ . Define the canonical G-map p :Y →N (U) as follows.
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Since {ϕµ :Y → [0,1] | µ ∈ M} is locally finite, for each y ∈ Y , there is only
a finite number of indices, say µ0, . . . ,µn, such that ϕµi (y) = 0, i = 0, . . . , n. Let
〈fµ0(y), . . . , fµn(y)〉 be the corresponding n-cell in the join
G/Hµ0 ∗ · · · ∗G/Hµn
(the G-maps fµ :G(Sµ) → G/Hµ are the same defined above).
By definition, p(y) is the point of 〈fµ0 (y), . . . , fµn(y)〉 with the barycentric coordinates
ϕµ0(y), . . . , ϕµn(y), i.e.,
p(y) =
n∑
i=0
ϕµi (y)fµi (y).
We claim that p is continuous. For, let y0 ∈ Y be any point. Using local finiteness
of the partition of unity {ϕµ | µ ∈ M}, we choose a neighborhood V of y0 in Y , for
which there exist a finite number of indices, say µ0, . . . ,µm, such that ϕµ(y) = 0 for all
µ /∈ {µ0, . . . ,µm} and y ∈ V . Then
p(y) =
m∑
i=0
ϕµi (y)fµi (y) for all y ∈ V.
Now the continuity of p in V follows from the continuity of the maps fµi and ϕµi in V .
The condition p−1(St(gHµ, N (U))) ⊂ G(Sµ) for any g ∈ G and µ ∈M is evident from
the definition of p. 
Recall that a cover U of a space X is called a star-refinement of a cover V , whenever
for every U ∈ U , there exists an element V ∈ V that contains the star St(U, U) of U with
respect to U ; here St(U, U) = {W ∈ U | W ∩ U = ∅}.
Lemma 4.5. Let G be a compact group and X a paracompact G-space. Then for each
open cover V of X, there exists a G-normal cover
U = {(gOλSλ,Hλ) | g ∈ G, λ ∈ Λ}
of X such that U is a star-refinement of V . Furthermore, if X is a rich G-space, then U
can be chosen to be rich, i.e., for each λ ∈ Λ there is a point y ∈ Sλ with Gy = Hλ.
Proof. Since X is paracompact, one can choose two open covers of X, U1 and U2 such
that U1 is a star-refinement of U2, and U2 is a star-refinement of V .
Let us denote by U the subset of X×X consisting of all those pairs (x, y) such that there
exists an element O ∈ U1 that contains both x and y . Clearly, U is an open neighborhood
of the diagonal ∆ ⊂ X × X. By compactness of G, there is an invariant neighborhood V
of ∆ in X ×X such that V ⊂ U . Define
W = {V [x] | x ∈ X}, where V [x] = {z ∈ X | (x, z) ∈ V }.
Then V [x] ⊂ U [x] = St(x,U1) for each x ∈ X. Since St(x,U1) is contained in an element
of U2, we infer that W is a refinement of U2, and hence, a star-refinement of V .
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Next, we fix a point on each orbit G(x) ⊂ X, say x ∈ G(x), and choose an element
Wx ∈ W such that x ∈ Wx . By the continuity of the action of G on X, there exist
a neighborhood Ox of the unity in G and a neighborhood Nx of x in X such that
OxNx ⊂ Wx . By Theorem 3.6, there exist a large subgroup Hx ⊂ G and an Hx -slice Sx
such that x ∈ Sx ⊂ Nx . Furthermore, if X is a rich G-space, then one can assume that Hx
coincides with the stabilizer Gy of a point y ∈ Sx . Thus, we have OxSx ⊂ Wx . Now we
define U to be the totality of all these tubular segments (gOxSx,Hx), g ∈ G, G(x) ∈ X/G.
Since the orbit map X → X/G is closed, we see that X/G is paracompact as well [17,
Section VIII, Theorem 2.4]. This implies that the open invariant cover {G(Sx)} admits a
locally finite partition of unity subordinated to {G(Sx)}; thus U is a G-normal cover. Since
gOxSx ⊂ gWx and gWx ∈W , we conclude that U is a refinement of W , and since W is a
star-refinement of V , we infer that U is a star-refinement of V .
If, in addition, X is a rich G-space, then one can achieve that each Hx-slice Sx contains
a point y such that Gy = Hx . 
Theorem 4.6. Let G be a compact group, X a G-ANR, and α an open cover of X. Then
there exist a G-normal cover U = {(gOλSλ,Hλ) | g ∈ G, λ ∈ Λ} of X, and G-maps
f :X →N (U) and ψ :N (U) → X such that
(1) ψf is α-close to the identity map 1X of X,
(2) for each gOλSλ ∈ U , there is an element V (g,λ) ∈ α such that gOλSλ ⊂ V (g,λ) and
ψ(St(gOλHλ, N (U))) ⊂ V (g,λ), where
St
(
gOλHλ, N (U)
)= {∑
µ∈M
tµgµpµHµ ∈N (U)
∣∣ pµ ∈ Oµ, tλ > 0, gλHλ = gHλ}.
Proof. Since G is compact, by [4, Corollary 5], one can assume that X is a closed invariant
subset of a normed linear G-space Z. Since X ∈ G-ANR, there exists a G-retraction
r :U → X with U an invariant neighborhood of X in Z. Let C be an open cover of U
which refines r−1(α) = {r−1(V ) | V ∈ α} and consists of open balls of Z. Since X is
a rich G-space (see Proposition 3.10), by Lemma 4.5, there is a rich G-normal cover
U = {(gOλSλ,Hλ) | g ∈ G, λ ∈ Λ} that is a star-refinement of C .
Fix an invariant locally finite partition of unity {ϕλ}λ∈Λ subordinated to the cover
U˜ = {G(Sλ) | λ ∈ Λ}. Let f :X → N (U) be the G-map corresponding to this partition
of unity (see Lemma 4.4).
For every gOλSλ ∈ U , we choose elements C(g,λ) ∈ C and V (g,λ) ∈ α such that
St(gOλSλ, U) ⊂ C(g,λ) ⊂ r−1
(
V (g,λ)
)
. (4.1)
Now we define the map ϕ :N (U) → U as follows. For each G-vertex G/Hλ ∈N (U)
with Hλ the subgroup corresponding to the Hλ-slice Sλ ∈ U , we select a point xλ ∈ Sλ such
that Gxλ = Hλ. Set
ϕ(gHλ) = gxλ for every gHλ ∈ G/Hλ.
The condition Hλ ⊂ Gxλ guarantees that the map ϕ :G/Hλ → G(xλ) is a well defined G-
map. Next we extend ϕ to the wholeN (U) “by linearity”. Namely, if y is a point ofN (U),
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then it has the form y =∑ni=0 tigipiHλi , where pi ∈ Oλi , gi ∈ G, ti > 0, ∑ni=0 ti = 1,
and g0Sλ0 ∩ · · · ∩ gnSλn = ∅. Then we set
ϕ(y) =
n∑
i=0
tigipixi,
where xi = xλi ∈ Sλi are the above selected points with the stabilizers Gxi = Hλi .
Let us check that ϕ(y) ∈ U . Indeed, since g0Sλ0 ∩ · · · ∩ gnSλn = ∅, we have
g0Oλ0Sλ0 ∩ · · · ∩ gnOλnSλn = ∅,
which yields that
gipixi ∈ St(g0Oλ0Sλ0 ,U) ⊂ C(g0, λ0) for all i ∈ {0, . . . , n}. (4.2)
Since the set C(g0, λ0) is convex, (4.2) implies that
ϕ(y) ∈ C(g0, λ0) ⊂ U. (4.3)
Thus, ϕ :N (U) → U is a well defined map. From the definition it is immediate that
ϕ is continuous on each closed G-simplex of N (U). Since N (U) is endowed with the
weak topology determined by the closed G-simplexes, we conclude that ϕ :N (U) → U is
continuous. The equivariance of ϕ is evident.
Putting ψ = rϕ, we get a G-map ψ :N (U) → X. We claim that it is the required one.
For, let y ∈ St(gOλHλ,N (U)) be an arbitrary point. Then it has the form
y =
∑
µ∈M
tµgµpµHµ, where pµ ∈ Oµ for all µ ∈M, tλ > 0 and gλHλ = gHλ.
As we have shown in (4.3), in this case ϕ(y) ∈ C(g,λ), and since C(g,λ) ⊂ r−1(V (g,λ)),
it then follows from (4.1) that ψ(y) ∈ V (g,λ). Thus,
ψ
(
St
(
gOλHλ,N (U)
))⊂ V (g,λ),
proving the second claim of the lemma.
The first claim follows immediately from the second one. Indeed, for any x ∈ X, there
is λ ∈ Λ such that ϕλ(x) > 0. Then x ∈ G(Sλ), and hence, x ∈ gSλ for some g ∈ G. It then
follows from the definition of the map f :X →N (U) that f (x) ∈ St(gOλHλ, N (U)). By
the second claim, ψ(St(gOλHλ, N (U))) ⊂ V (g,λ). As x ∈ gSλ ⊂ V (g,λ), we see that x
and ψ(f (x)) are in V (g,λ), which completes the proof. 
5. Unions ofG-ANEs
The following theorem is just the equivariant version of a union theorem recently proved
by Dydak [18]. We shall need it (more precisely, its corollaries) in the proof of our main
result in Section 6.
Theorem 5.1. Let X ∈ G-P and suppose a G-space Y is the union of a family {Yt }t∈T of
its invariant subspaces with the following properties:
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(a) Each Yt is an absolute G-extensor of X,
(b) For any two elements t and s of T , there is u ∈ T such that Yt ∪ Ys ⊂ Yu.
Then any G-map f :A → Y from a closed invariant subset A ⊂ X to Y such that
A =⋃t∈T int(f−1(Yt )), extends to a G-map over X.
Proof. Set Ut = (X \ A) ∪ int(f−1(Yt )) for each t ∈ T , where the interior is taken with
respect to A. Then the family {Ut }t∈T constitutes an invariant open cover of X. Since
the orbit space X/G is paracompact, there is an invariant locally finite partition of unity
{ϕt }t∈T on X such that ϕ−1t (0,1] ⊂ Ut for each t ∈ T (see [17, Section VIII.4]). For all
finite subsets S of T define BS =⋂t∈T \S ϕ−1t (0). Since {ϕt }t∈T is an invariant locally
finite partition of unity, we conclude that {BS} constitutes a closed invariant cover of X.
We aim to create, for all finite subsets S of T , elements α(S) of T and G-maps
fS :BS → Yα(S) such that the following conditions are satisfied:
(1) Yα(F ) ⊂ Yα(S) for each F ⊂ S,
(2) fS |BF = fF for each F ⊂ S,
(3) fS |A∩BS = f |A∩BS .
To this end, we apply induction on the number of elements of S. For one-element sets
S = {t} we simplify notation to S = t . Notice that Bt = ϕ−1t (1) for each t ∈ T . {Bt }t∈T is
a discrete family and f (A ∩ Bt) ⊂ Yt for each t ∈ T . Therefore, each partial map f |A∩Bt
extends to a G-map ft :Bt → Yt , and we put α(S) = t .
Now, suppose fS and α(S) exist for all S with cardinality at most n. Given a finite
subset S ⊂ T containing exactly n+ 1 elements, choose an element α(S) ∈ T so that Yα(S)
contains all of Yα(F ) with F being a proper subset of S. Let B be the union of A ∩ BS
and of all BF , F a proper subset of S. Then B is a closed invariant subset of BS . Now we
define the G-map h :B → Yα(S) as follows:
h(x) =
{
fF (x), if x ∈ BF ,
f (x), if x ∈ A ∩BS.
Then h is a well defined (continuous) G-map, and it is easy to see that the values of h are
indeed in Yα(S). Therefore, h extends to a G-map over BS and produces fS :BS → Yα(S)
with the desired properties.
Since BS ∩ BF = BS∩F , all fS can be pasted together to produce a G-map f ′ :X → Y
that is an extension of f . Each point x ∈ X has a neighborhood U that intersects only
finitely many of ϕ−1t (0,1]; this means that there is a finite set S such that U ⊂ BS . As
f ′|BS is continuous, so is f ′|U , and the proof is complete. 
Corollary 5.2. Let X ∈ G-P . Suppose a G-space Y is the union of a family {Yt }t∈T of its
invariant subspaces with the following properties:
(a) Each Yt is an absolute neighborhood G-extensor of X,
(b) For any two elements t and s of T there is u ∈ T such that Yt ∪ Ys ⊂ Yu.
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Then any G-map f :A → Y from a closed invariant subset A ⊂ X to Y such that
A =⋃t∈T int(f−1(Yt )), extends to a G-map over an invariant neighborhood of A in X.
Proof. Let Z = Cone(Y ) with the vertex ∗, and let Zt = Cone(Yt ) for each t ∈ T . Then
Z is covered by the invariant sets Zt , t ∈ T . By Proposition 2.4, each Zt is a G-AE(X).
Therefore, f considered as a G-map from A to Z, satisfies the hypotheses of Theorem 5.1,
and hence, extends to a G-map ϕ :X → Z. Set U = ϕ−1(Z \ {∗}). Then there is an evident
equivariant retraction r :Z \ {∗} → Y , which means that the composition of ϕ|U and r
produces a G-extension f ′ :U → Y of f . 
Below we derive some important corollaries from Theorem 5.1 and Corollary 5.2.
We first recall the definition of the weak topology in the sense of Morita [36]. Let X
be a topological space and {Aλ}λ∈Λ a closed covering of X. Then X is said to have the
weak topology with respect to {Aλ}λ∈Λ, if the following hold for any Λ′ ⊂ Λ: (i) the union⋃{Aµ | µ ∈ Λ′} is closed in X; (ii) any subset of ⋃{Aµ | µ ∈ Λ′} whose intersection
with each Aµ, µ ∈ Λ′, is closed relative to the subspace topology of Aµ, is closed in the
subspace
⋃{Aµ | µ ∈ Λ′}.
Lemma 5.3. Let X be a space having the weak topology with respect to its closed covering
{Xλ | λ ∈ Λ} such that for any two elements λ and µ of Λ there is ν ∈ Λ such that
Xλ ∪Xµ ⊂ Xν .
If f :A → X is a continuous map of a metrizable space A, then for every a ∈ A, there
exist an open neighborhood V of a and an index λ ∈ Λ such that f (V ) ⊂ Xλ.
Proof. Let ρ be a metric on A. Let f (a) ∈ Xλ0 for some λ0 ∈ Λ. Suppose that the
claim is not true. Then there is a point a1 ∈ A with ρ(a1, a) < 1 such that f (a1) /∈ Xλ0 .
Choose λ′1 ∈ Λ so that f (a1) ∈ Xλ′1 . Then by the hypothesis, there is a λ1 ∈ Λ such that
Xλ0 ∪ Xλ′1 ⊂ Xλ1 . So, Xλ0 ⊂ Xλ1 and f (a1) ∈ Xλ1 \ Xλ0 . By induction one can choose
sequences {an}∞n=1 ⊂ A and {λn}∞n=1 ⊂ Λ such that
(1) ρ(an, a) < 1/n,
(2) Xλn−1 ⊂ Xλn ,
(3) f (an) ∈ Xλn \Xλn−1 ,
for all n = 1,2, . . . .
Set B = {f (an) | n = 1,2, . . .}. Since B is contained in the countable union ⋃∞i=1 Xλi ,
and for each λn the intersection B ∩Xλn is finite, we see that B is closed in
⋃∞
i=1 Xλi , and
hence, in X. But f (a) /∈ B , which contradicts to the continuity of f at the point a. 
Corollary 5.4. Let Y be a G-space having the weak topology with respect to a
closed invariant covering {Yλ | λ ∈ Λ}. Assume that for each finite subcollection
Yλ1, Yλ2, . . . , Yλn , the union
⋃n
i=1 Yλi is a G-AE (respectively, a G-ANE). Then Y is a
G-AE (respectively, a G-ANE).
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Proof. Let T be the set of all finite subsets of Λ. For each T ∈ T we define YT =⋃ni=1 Yλi .
Then Y = ⋃T ∈T YT and Y has the weak topology with respect to its invariant closed
covering {YT | T ∈ T }. Besides, YT ∪ YS = YT∪S .
Now, it follows from Lemma 5.3 that Theorem 5.1 (for the G-AE case) and
Corollary 5.2 (for the G-ANE case) apply. 
This corollary implies the following result of Kodama [30]:
Corollary 5.5. Let Y be a space having the weak topology with respect to a closed covering
{Yλ | λ ∈ Λ}. Assume that for each finite subcollection Yλ1, Yλ2, . . . , Yλn , the intersection⋂n
i=1 Yλi is an AE (respectively, an ANE). Then Y is an AE (respectively, an ANE).
Proof. If each finite intersection
⋂n
i=1 Yλi is an AE (respectively, an ANE), then each finite
union
⋃k
i=1 Yλi is an AE (respectively, an ANE) too; this follows easily by induction from
the famous union theorem for two AEs (respectively, ANEs) as proved in [24, Chapter II,
§10]. Now Corollary 5.4, with G the trivial group, applies. 
Remark 5.6. It is well known that there exist two locally contractible finite-dimensional
metric spaces Y1 and Y2 such that the union Y1 ∪ Y2 is locally contractible while the
intersection Y1 ∩Y2 is not (see [15]). Therefore, the hypothesis “each finite union⋃ki=1 Yλi
is an A(N)E” in the non-equivariant version of Corollary 5.4 does not imply, in general, the
hypothesis “each finite intersection
⋂n
i=1 Yλi is an A(N)E” in Kodama’s theorem. Thus,
the non-equivariant version of Corollary 5.4 is essentially stronger than Corollary 5.5.
Another important corollary of Theorem 5.1 is the following equivariant version of
Hanner’s open union theorem [23, Theorem 19.2]:
Corollary 5.7. Suppose X ∈ G-P . If a G-space Y is the union of invariant open subsets
Yλ, λ ∈ Λ which are absolute neighborhood G-extensors of X, then Y is an absolute
neighborhood G-extensor of X as well.
Proof. We first prove the corollary in the following particular case:
Claim. Suppose X ∈ G-P . If a G-space Y is the union of two invariant open subsets Y1 and
Y2 which are absolute neighborhoodG-extensors of X, then Y is an absolute neighborhood
G-extensor of X.
Proof. Let f :A → Y be a G-map, where A is a closed invariant subset of X. The sets
V1 = f−1(Y1) ∪ (X \ A) and V2 = f−1(Y2) ∪ (X \ A) constitute an invariant open cover
of X. Since X/G is a normal space we conclude that there are invariant closed subsets X1
and X2 of X such that X1 ⊂ V1, X2 ⊂ V2 and X = X1 ∪ X2. Since Y1 ∩ Y2 is an invariant
open subset of Y1 and Y1 ∈ G-ANE(X), we infer that Y1 ∩ Y2 ∈ G-ANE(X). Therefore,
by Proposition 2.4, Cone(Y1 ∩ Y2) is a G-AE(X), and hence, there exists a G-extension
f0 :X1 ∩ X2 → Cone(Y1 ∩ Y2) of the partial G-map f |A∩(X1∩X2). Now we paste f0 and
the partial G-map f |A∩X1 to a G-map h :A ∩ X1 → Cone(Y1). Since by Proposition 2.4,
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Cone(Y1) ∈ G-AE(X), there exists a G-extension h1 :X1 → Cone(Y1) of h. Analogously,
here exists a G-extension h2 :X2 → Cone(Y2) of h. Now h1 and h2 can be pasted together
to create a G-map H :X → Cone(Y ). Since H |A = f and A ∩ H−1(∗) = ∅, we conclude
that the set U = X \ H−1(∗) is an invariant neighborhood of A in X, and the restriction
H |U is the desired G-extension of f . This completes the proof of the above claim. 
Now let Y =⋃{Yλ | λ ∈ Λ}, where each Yλ is an invariant open G-ANE(X) subset of Y .
Let T be the set of all finite subsets of Λ. For each T ∈ T we define ZT =⋃λ∈T Yλ. Then
it follows from the above claim that each ZT is an open G-ANE(X) subset of Y . Besides,
Y =⋃T ∈T ZT and ZT ⋃ZS = ZT∪S for T , S ∈ T . Consequently, Corollary 5.2 applies,
and the proof is complete. 
Remark 5.8. Let us mention that a related result for G a compact group and Y a
paracompact G-space is contained in [29, Theorem 2.8], but unfortunately the proof in
[29] is incorrect.
As an application we prove the following theorem which will be used in the next section:
Theorem 5.9. Let G be a compact group. Assume that H = {Hµ | µ ∈M} is a family of
large subgroups of G, O = {Oµ | µ ∈M} a family of neighborhoods of the identity of G,
K a polyhedron with M as the set of its vertices, and F = {FL ⊂∏µ∈LG/Hµ | L ∈ K}
as family of invariant sets. Then the G-polyhedron P(K,O,F) is a G-ANE.
For the proof we need the following auxiliary lemma:
Lemma 5.10. Let G be a compact group, and let X1 and X2 be two closed invariant subsets
of a G-space X. If X1, X2 and X1 ∩ X2 are G-ANEs, then so is X.
Proof. For a metrizable X, the lemma is proved in [3, Theorem 4]. For arbitrary X, it is a
very particular case of [13, Theorem 5.1]. 
Proof of Theorem 5.9. Since the intersection of two G-simplexes is again a G-simplex,
it follows directly from Lemmas 5.10 and 4.3 that each finite G-polyhedron is a G-ANE.
Further, since each G-polyhedron has the weak topology with respect to the family of its
finite G-subpolyhedra, Theorem 5.9 is immediate from Corollary 5.4. 
Remark 5.11. The compactness restriction on the group G in Lemma 4.3 comes from
Proposition 2.5, so it can be omitted if Proposition 2.5 is proved for arbitrary proper Lie
group actions. Respectively, Theorem 5.9 can be generalized to the case of arbitrary locally
compact groups.
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6. Orbit spaces ofG-ANEs6.1. The case of compact group actions
In this subsection we shall give a detailed proof to the following
Theorem 6.1. Let G be a compact group, H a closed normal subgroup of G, and X a
G-ANR (respectively, a G-AR). Then the H -orbit space X/H is a G/H -ANR (respectively
a G/H -AR). In particular, the G-orbit space X/G is an ANR (respectively, an AR).
For a compact metrizable group G, Theorem 6.1 was first established in [5]. Recent
progress in the study of the topology of the Banach–Mazur compacta BM(n) [8,10], is
largely based on a particular case of this result when G is a compact Lie group. In [6] the
case of an arbitrary compact G was considered, however only an outline of the proof was
provided there. Below we give a detailed proof of Theorem 6.1, based on the results of
Sections 4 and 5. To this end, we first consider the case of a G-polyhedron.
For the proof of Theorem 6.1 we need the following
Lemma 6.2. Let G be a compact group and P = P(K,O,F) be a G-polyhedron. Then
for each closed normal subgroup H ⊂ G, the H -orbit space P/H is a G/H -ANE.
Proof. Case 1. Assume that P is a finite G-polyhedron. We shall need to use several times
the following easy claim (see [4, Proposition 3]):
Claim. Let K be a compact normal subgroup of G, and X a G-space such that K acts
trivially on X. Then X ∈ G-ANE ⇐⇒ X ∈ G/K-ANE.
Let G/H1, . . . ,G/Hn be all the G-vertices of P . Since each Hi is a large subgroup of
G, there is a closed normal subgroup Ni of G such that Ni ⊂ Hi and G/Ni is a Lie group.
Set N = N1 ∩ · · · ∩ Nn. Evidently, N acts trivially on P , so G acts on P via the natural
homomorphism π :G → G/N . By Theorem 5.9, P ∈ G-ANE. By the above claim,
P ∈ G-ANE ⇐⇒ P ∈ G/N-ANE.
But it is easy to see that G/N is a Lie group (see, e.g., [40, p. 325]) and π(H) is a closed
normal subgroup of G/N . Since Lemma 6.2 is already proved for compact Lie groups (see,
[5, Corollary 1]), we infer that the orbit space P/π(H) is a G/N
π(H)
-ANE.
Since π(H) acts trivially on P/π(H), it follows from the above claim that
P/π(H) ∈ G/N
π(H)
-ANE ⇐⇒ P/π(H) ∈ G/N-ANE.
On the other hand P/H = P/π(H), so P/H is a G/N -ANE. Again, since N acts
trivially on P , and hence on P/H , it follows from the above claim that
P/H ∈ G/N-ANE ⇐⇒ P/H ∈ G-ANE.
In turn, H acts trivially on P/H , and hence we have
P/H ∈ G-ANE ⇐⇒ P/H ∈ G/H -ANE.
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Thus P/H ∈ G/H -ANE, and the proof is complete in Case 1.
Case 2. Assume that P is an arbitrary G-polyhedron.
Let {Pλ | λ ∈ Λ} be the family of all closed G-simplices of P . Then
P/H =
⋃
λ∈Λ
(Pλ/H).
Since P has the weak topology with respect to its closed cover {Pλ | λ ∈ Λ}, we infer
that P/H has the weak topology with respect to its closed cover {Pλ/H | λ ∈ Λ}. Now it
remains to apply Corollary 5.4. Indeed, each finite union
(Pλ1/H)∪ · · · ∪ (Pλn/H)
is a G/H -ANE; this follows from the equality
(Pλ1/H)∪ · · · ∪ (Pλn/H)= (Pλ1 ∪ · · · ∪Pλn)/H
and from Case 1, if we observe previously that Pλ1 ∪· · ·∪Pλn is a finite G-polyhedron. 
Proof of Theorem 6.1. We are going to apply the following equivariant Hanner
domination theorem, established in [5, Theorem 7]: if for any open covering β of a
metrizable G-space M , there exists a G-ANE, say L, that equivariantly β-dominates M ,
then M is a G-ANE as well. Recall that L is said to be equivariantly β-dominating M , if
there exist G-maps f :M → L and ψ :L → M such that the composition ψf is β-close to
the identity map of M .
Now let β be an open cover of X/H , and α = p−1(β), where p :X → X/H is the
H -orbit projection. Then by Theorem 4.6, X is α-dominated by the G-nerve N (U) of a
G-normal cover U of X; so there exist G-maps f :X →N (U) and ψ :N (U) → X such
that the composition ψf is α-close to the identity map of X.
Passing to the H -orbit spaces, we obtain continuous G/H -equivariant maps
f ′ :X/H → N(U)/H and ψ ′ :N(U)/H → X/H
such that ψ ′f ′ is β-close to the identity map of X/H . Since by Lemma 6.2, N(U)/H is a
G/H -ANE, it follows from the above mentioned equivariant Hanner domination theorem
that X/H is a G/H -ANE, and hence, a G/H -ANR.
If X ∈ G-AR, then X ∈ G-ANR and X is G-contractible. This implies easily that X/H
is G/H -contractible. Since by the proceeding case X/H is a G/H -ANR, we conclude that
X/H is a G/H -AR. This completes the proof. 
Theorem 6.1 yields the following generalization, which we shall need in the proof of
Theorem 6.4 below:
Theorem 6.3. Let G be a compact group, H be a closed normal subgroup of G. Suppose
X is a G-space such that all the H -orbits in X are metrizable. If X is a G-ANE
(respectively, a G-AE), then the H -orbit space X/H is a G/H -ANE (respectively, a G-
AE). In particular, the G-orbit space X/G is an ANE (respectively, an AE) provided that
all the G-orbits in X are metrizable.
This theorem reduces to Theorem 6.1, and we refer to [9, Theorem 1] for the details.
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6.2. The case of proper actions of locally compact groupsFinally we are in a position to prove our main result, which just generalizes the last
claim in Theorem 6.3 to the case of arbitrary locally compact proper group actions:
Theorem 6.4. Let G be any group and X a proper G-space that is a G-ANE. Assume that
all the G-orbits in X are metrizable. Then the G-orbit space X/G is an ANE.
Proof. By Theorem 3.6, X has an open invariant cover {G(Sα)}α∈A, where each Sα is a
Kα-slice for some compact large subgroup Kα ⊂ G. Then the orbit space X/G is the union
of its open subsets G(Sα)/G, α ∈A. According to Corollary 5.7, it suffices to show that
each G(Sα)/G is an ANE.
To this end, we first observe that each G(Sα) is G-homeomorphic to the twisted product
G×Kα Sα (see Lemma 2.2). On the other hand, one has
(G×Kα Sα)/Kα = (G/Kα)× (Sα/Kα) (6.1)
(see [9, Proposition 2]).
This implies that the orbit space Sα/Kα is a retract of (G/Kα) × (Sα/Kα), and hence,
of (G×Kα Sα)/Kα . Next, we observe that
(G×Kα Sα)/G = Sα/Kα (6.2)
(see [16, Proposition 3.3, Chapter II] or [9, Proposition 2]).
Consequently, G(Sα)/G is a retract of G(Sα)/Kα .
Since the tube G(Sα) is an open invariant subset of X, it is a G-ANE as well. This
implies that G(Sα) is a Kα-ANE (see Proposition 3.4), and hence, by Theorem 6.3, the
orbit space G(Sα)/Kα is an ANE. In sum, G(Sα)/G is an ANE, completing the proof. 
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